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In this paper we establish an asymptotic existence result for group
divisible 3-designs of large order. Let k and u be positive integers,
3  k  u. Then there exists an integer m0 = m0(k,u) such that
there exists a group divisible 3-design of group type mu with block
size k and index one for all integers mm0 if and only if
1. u − 2 ≡ 0 (mod (k − 2)),
2. (u − 1)(u − 2) ≡ 0 (mod (k − 1)(k − 2)),
3. u(u − 1)(u − 2) ≡ 0 (mod k(k − 1)(k − 2)).
An analogous theorem was proved by Mohácsy and Ray-Chaudhuri
for group divisible 2-designs in a previously published paper
in 2002. The u = k case of this theorem gives an asymptotic
existence result for transversal 3-designs which was proved by
Blanchard in his unpublished manuscript as well.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Deﬁnition 1.1. Let v be a non-negative integer, λ and t be positive integers and K be a set of positive
integers. A group divisible t-design (or t-GDD) of order v , index λ and block sizes from K is a triple
(X,Γ,A), where
1. X is a set of v elements (called points),
2. Γ = {G1,G2, . . .} is a set of non-empty subsets of X which partition X (called groups),
3. A is a family of subsets of X each of cardinality from K (called blocks) such that each block
intersects any given group in at most one point,
4. each t-set of points from t distinct groups is in exactly λ blocks.
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that a 2-GDD is called a GDD.
By the group type of a t-GDD (X,Γ,A) we mean the list (|G| | G ∈ Γ ) of group sizes. If a t-GDD
has ni groups of size gi , 1  i  r, then the list contains each gi counted ni times. In this case we
denote its group type by (gn11 , g
n2
2 , . . . , g
nr
r ). Group divisible t-designs with equal group sizes are called
uniform.
Group divisible designs with block size k and k groups of uniform group size m are called transver-
sal designs and denoted by TDλ(t,k,m). If λ = 1, then we use TD(t,k,m). If t = 2 we use TDλ(k,m).
The following well-known theorem is due to Bush [6].
Theorem 1.2. (See [6].) There exists a TD(3,k,q) for any prime power q with 3 k q + 1.
Theorem 1.3, proved in Blanchard’s unpublished manuscript [4], describes an existence result for
TD(t,k,m)’s of large order, when t  2. The t = 2 case of Theorem 1.3 is the theorem of Chowla–
Erdo˝s–Straus [1].
Theorem 1.3. (See [4].) For any positive integers t and k, 1 t  k, there is an integer m∗ =m∗(t,k) such that
for any integer mm∗ there is a TD(t,k,m).
In this paper we establish an asymptotic existence result for 3-GDDs. An analogous theorem was
proved by Mohácsy and Ray-Chaudhuri for 2-GDDs [9].
Theorem 1.4. Let k and u be positive integers, 3 k u. Then there exists an integer m0 =m0(k,u) such that
there exists a 3-GDD of group type mu block size k and index one for all positive integers m satisfying mm0
if and only if
1. u − 2 ≡ 0 (mod (k − 2)),
2. (u − 1)(u − 2) ≡ 0 (mod (k − 1)(k − 2)),
3. u(u − 1)(u − 2) ≡ 0 (mod k(k − 1)(k − 2)).
Note that we require these designs to exist for every value of m beyond m0. Hence, m is not in the
necessary conditions because one of the values of m in question is relatively prime to k(k− 1)(k− 2).
The u = k case of Theorem 1.4, which is equivalent to an existence theorem of transversal
3-designs of large order, was proved by Blanchard in his unpublished manuscript [3] as well. The
proof of Theorem 1.4 does not use Blanchard’s result on transversal designs directly, but many of his
ideas provided a great help to generalize the proof for 3-GDDs. One of the important results of this
paper is that the u = k case gives Blanchard’s unpublished theorem on the existence of transversal
3-designs of large order.
From Theorem 1.4 we get the following corollary, which partially gives an answer to the question
whether for ﬁxed number of groups u and ﬁxed block size k a 3-GDD of group type mu with block
size k and index one exists for suﬃciently large m if the necessary arithmetic conditions are satisﬁed.
Corollary 1.5. Let k and u be positive integers, 3  k  u. Then there exists an integer m0 = m0(k,u) such
that there exists a 3-GDD of group type mu with block size k and index one for any positive integer m m0
and gcd(m,k(k − 1)(k − 2)) = 1 satisfying the necessary arithmetic conditions
1. m(u − 2) ≡ 0 (mod (k − 2)),
2. m2(u − 1)(u − 2) ≡ 0 (mod (k − 1)(k − 2)),
3. m3u(u − 1)(u − 2) ≡ 0 (mod k(k − 1)(k − 2)).
2. Incomplete group divisible designs and group divisible subdesigns
The following deﬁnition is a generalization of the concept of incomplete group divisible designs
described in [7, p. 188], for t  2.
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and let K be a set of positive integers. An incomplete group divisible (t, l)-design (or (t, l)-IGDD) of
order v , index λ and block sizes from K is a quadruple (X,Γ,H,A), where
1. X is a set of v elements (called points),
2. Γ = {G1,G2, . . .} is a set of non-empty subsets of X which partition X (called groups),
3. H = {H1, H2, . . .} is a set of non-empty subsets of X with the property Hi ⊆ Gi for i = 1,2, . . .
(called holes),
4. A is a family of subsets of X each of cardinality from K (called blocks) such that each block
intersects any given group in at most one point and does not intersect more than l holes,
5. each t-set of points from t distinct groups that intersects not more than l holes is in exactly λ
blocks.
We say a (t, l)-IGDD is a type of ((g1,h1)
n1 , (g2,h2)
n2 , . . . , (gr,hr)
nr ) if there are ni groups of
size gi which contain a hole of size hi for i = 1,2, . . . , r. Incomplete group divisible t-designs with
equal group sizes and equal hole sizes are called uniform.
Deﬁnition 2.2. Let G be a t-GDD (X,Γ,A) with index λ. A group divisible subdesign H (or sub-
t-GDD) of G is a t-GDD (X ′,Γ ′,A′) such that
1. X ′ ⊆ X ,
2. Γ ′ consists of non-empty groups G ∩ X ′ , where G is a group of Γ ,
3. A′ consists of the blocks A of A, which are completely contained in X ′ .
The fundamental construction of Wilson [10] for GDDs is generalized by Mohácsy and Ray-
Chaudhuri in [9] for t-GDDs containing sub-t-GDDs, where t  2.
Theorem 2.3. (See [9].) Let (X,Γ,A) be a t-GDD of index one and let sx be a positive integral weight assigned
to each point x ∈ X. Let (Sx: x ∈ X) be pairwise disjoint sets with |Sx| = sx. With the notation
SY =
⋃
x∈Y
Sx
for Y ⊆ X, put X∗ = S X and Γ ∗ = {SG : G ∈ Γ }. Suppose that for each block A ∈ A, a t-GDD (S A, {Sx: x ∈
A},BA) of index one exists and denote A∗ =⋃A∈A BA . Then (X∗,Γ ∗,A∗) is a t-GDD of index one which
contains a sub-t-GDD (S A, {Sx: x ∈ A},BA) for each A ∈A.
Using Wilson’s terminology, we refer to a t-GDD with a weighting as a recipe and the additional
t-GDDs for each block as ingredients.
The fundamental constructions of t-GDDs can be easily extended to (t, l)-IGDDs as follows:
Theorem 2.4. Let t, k, l and u be positive integers with 1 l < t  k u. If there exists a (t, l)-IGDD of group
type (n + w,w)u with block size u and a t-GDD of group au with block size k then there exists a (t, l)-IGDD
of group type (na + wa,wa)u with block size k.
Theorem 2.5 below follows from Deﬁnitions 2.1 and 2.2.
Theorem 2.5. Let t, k and u be positive integers with t  k u. If there exists a (t, t − 1)-IGDD of group type
(n + w,w)u with block size k and a t-GDD of group type wu with block size k then there exists a t-GDD of
group type (n + w)u with block size k. Conversely, if there exists a t-GDD of group type (n + w)u with block
size k containing a sub-t-GDD of group type wu then there is a (t, t − 1)-IGDD of group type (n + w,w)u
with block size k.
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The concept of partial designs was introduced by Blanchard [2]. For any positive integer n, let
In = {1,2, . . . ,n} and for t  n, let Pt(In) denote the set of t-subsets of In .
Deﬁnition 3.1. Let D be a family of k-sets from the set Iu and let T be a subset of Pt(Iu). We say D
is a partial design, written Pλ(t,k,u), covering T if and only if the following hold:
1. each t-set in T is contained in exactly λ blocks of D, counting multiplicities and
2. each t-set not belonging to T is not contained in any block of D.
If λ = 1, then Pλ(t,k,u) is written as P (t,k,u). Let q1,q2, . . . ,qn be different prime pow-
ers and let X = Iu × ∏ni=1 Iqi . Let Φ be the projection map, where Φ : Iu × ∏ni=1 Iqi → Iu and
Φ(i, (x1, x2, . . . , xn)) = i, for all i ∈ Iu and (x1, x2, . . . , xn) ∈ ∏ni=1 Iqi . The projection map Φ can be
naturally extended to the subsets of X . For T ′ ⊆ X , Φ(T ′) = {a | a ∈ Iu, such that there is an x ∈ T ′,
Φ(x) = a}. For a t-subset T of Iu let XT = {T ′ | T ′ is a t-subset of Iu ×∏ni=1 Iqi and Φ(T ′) = T }. Let
T ⊆ Pt(Iu), XT :=⋃T∈T XT . In other words, XT denotes the set of t-sets of Iu ×∏ni=1 Iqi , whose
projection onto the ﬁrst coordinate is a t-set in T .
The next theorem given by Mohácsy and Ray-Chaudhuri [8] generalizes Blanchard’s [2] block
spreading construction for general index, which is itself a generalization of a construction of Wil-
son [11].
Theorem 3.2. (See [8].) Let u and t be positive integers, 2  t  u, and let T ⊆ Pt(Iu). Then there is an
integer q0 = q0(t,u) such that for any partial design Pλ(t,k,u) on the point set Iu covering T with prime
power decomposition λ = q1q2 . . .qn satisfying qi  q0 , i ∈ In, there exists a partial design P (t,k,uλd) on the
point set X = Iu ×∏ni=1 Iqdi that covers XT for all d |T |.
This “block spreading” method is useful in the construction of designs with λ = 1. Theorem 3.3
given by Mohácsy and Ray-Chaudhuri [8] uses the “block spreading” method to construct t-GDDs.
Theorem 3.3. (See [8].) Let t, k and u be positive integers, t  k  u. Then there exists an integer d1 =
d1(t,k,u) such that for any positive integers b, a  2 and d  d1 there exists a t-GDD of group type (bad)u
with block size k and index one if and only if
(
u − s
t − s
)
≡ 0
(
mod
(
k − s
t − s
))
for s = 0,1, . . . , t − 1.
Blanchard [3] gives a construction for a (3,1)-IGDD of group type (bqd +qd,qd)u with block size u
for any prime power q assuming the existence of a TD(3,u + 1,b). The next theorem, which general-
izes Blanchard’s theorem for an arbitrary power and for block size k, also uses the “block spreading”
method to construct (3,1)-IGDDs.
Theorem 3.4. Let k and u be positive integers with 3 k u satisfying the conditions
1. u − 2 ≡ 0 (mod (k − 2)),
2. (u − 1)(u − 2) ≡ 0 (mod (k − 1)(k − 2)),
3. u(u − 1)(u − 2) ≡ 0 (mod k(k − 1)(k − 2)).
If there exists a TD(3,u + 1,b) with b  2u, then there exists a positive integer d2 = d2(k,u,b) such that
for any positive integers a 2 and d  d2 there exists a (3,1)-IGDD of type (bad + ad,ad)u with block size k
and index one.
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unpublished we sketch the proof here.
For two positive integers n and m, let Imn = {m,m + 1, . . . ,m + n − 1}. If m = 1, then we write
In = {1,2, . . . ,n}. It easily follows from Deﬁnition 1.1 that a uniform t-GDD (X,Γ,A) of group type mu
can be constructed on the point set X = Iu × Im with groups Γ = {{i} × Im: i ∈ Iu}. Similarly, it
follows from Deﬁnition 2.1 that a uniform (t, l)-IGDD (X,Γ,H,A) of group type (m + w,w)u can be
constructed on the point set X = Iu × (Im ∪ Im+1w ) with groups Γ = {{i} × (Im ∪ Im+1w ): i ∈ Iu} and
with holes H = {({i} × Im+1w ): i ∈ Iu}.
Lemma 3.5. (See [3].) If there is a TD(3,u + 1,b) with b  2u, then there is a (3,1)-IGDD of group type
(b + 1,1)u with block size u and index λ for all λ u − 3.
Proof. First we assume u − 3  λ  b. Let (X,Γ,A) be a TD(3,u,b). A TD(3,u,b) is called
2-resolvable if the blocks can be partitioned into b disjoint subsets Ai , i = 1,2, . . . ,b, such that
each (X,Γ,Ai) forms a TD(2,u,b). The block sets Ai , i = 1,2, . . . ,b, are called the resolution
classes of (X,Γ,A). It is not hard to see that deleting a group of a TD(3,u + 1,b) yields a 2-
resolvable TD(3,u,b). Let (Iu × Ib, {{i} × Ib: i ∈ Iu},A) denote the 2-resolvable TD(3,u,b) obtained
by deleting a group from the given TD(3,u + 1,b). Let A1 ∪ A2 ∪, . . . ,∪ Aλ ∪ Aλ+1 ∪, . . . ,∪ Ab
denote the partition of the blocks of the resolvable TD(3,u,b) into b disjoint subsets, such that
(Iu × Ib, {{i}× Ib: i ∈ Iu},A j) for j = 1,2, . . . ,b is a TD(2,u,b). Note that |Ai | = b2 for i = 1,2, . . . ,b.
For each block A = {(1,a1), (2,a2), . . . , (r,ar), . . . , (u,au)} and for each r, r = 1,2, . . . ,u, we de-
ﬁne the block Ar = {(1,a1), (2,a2), . . . , (r,b + 1), . . . , (u,au)} over the set Iu × Ib+1. That is, the
rth row entry of A is replaced by (r,b + 1). Deﬁne the families A∗i = {Ar: A ∈ Ai,1  r  u}. Let
D = (⋃λi=1A∗i ) ∪ ((λ − u + 3) ·⋃λi=1Ai) ∪ (λ ·⋃bi=λ+1Ai), where n ·Ai indicates the blocks of Ai are
taken with multiplicity n.
We claim that (Iu × Ib+1, {{i} × Ib+1: i ∈ Iu}, {{i} × {b + 1}: i ∈ Iu},D) is a (3,1)-IGDD of group
type (b + 1,1)u with block size u and index λ.
Let (u1,b1), (u2,b2) and (u3,b3) be three distinct points that belong to three distinct groups,
where ui is in Iu and bi is in Ib+1 for i = 1,2,3.
Case 1. Assume that {(u1,b1), (u2,b2), (u3,b3)} ⊂ Iu × Ib . Then there is a unique block A of
the 2-resolvable TD(3,u,b) that contains the 3-set {(u1,b1), (u2,b2), (u3,b3)}. If A belongs to
Aλ+1 ∪, . . . ,∪ Ab then the triple {(u1,b1), (u2,b2), (u3,b3)} is contained in λ blocks of D, since
D contains A λ times. If A belongs to A1 ∪, . . . ,∪ Aλ , then the triple {(u1,b1), (u2,b2), (u3,b3)}
is contained in λ − u + 3 blocks of ((λ − u + 3) · ⋃λi=1Ai) and u − 3 blocks of (⋃λi=1A∗i ). Thus{(u1,b1), (u2,b2), (u3,b3)} is contained in λ blocks of D.
Case 2. Assume that {(u1,b1), (u2,b2)} ⊆ Iu × Ib and (u3,b + 1) is in Iu × {b + 1}. For each
i = 1,2, . . . , λ there is a unique block A of Ai that contains {(u1,b1), (u2,b2)}. Thus for each
i = 1,2, . . . , λ the block Au3i of A∗i contains {(u1,b1), (u2,b2), (u3,b + 1)}. Thus, the given triple is
contained in λ blocks of D.
So far we have shown that a (3,1)-IGDD of group type (b + 1,1)u with block size u and index λ,
where u − 3  λ  b exists. Now we assume that b  2u. Any λ  u − 3 can be written in λ =
d(u − 3) + r form, where d  0 and u − 3 r < 2(u − 3). Since u − 3 r < 2u  b, there is a (3,1)-
IGDD of group type (b+1,1)u with block size u and index r. Now we take d copies of the (3,1)-IGDD
of group type (b + 1,1)u with block size u and index u − 3 together with the (3,1)-IGDD of group
type (b + 1,1)u with block size u and index r to obtain a (3,1)-IGDD of group type (b + 1,1)u with
block size u and index λ. 
Proof of Theorem 3.4. Choose d′ = d′(u,b) the smallest positive integer satisfying 2d′ max(u − 3,
q0(ub)), where q0(ub) is as in Theorem 3.2. Let a = q1q2 . . .qn be the prime power decomposition of a.
Since a  2, ad′ max(u − 3,q0(ub)) and qd′i max(u − 3,q0(ub)) for i = 1,2, . . . ,n. By Lemma 3.5
there exists a (3,1)-IGDD of group type (b + 1,1)u with block size u and index ad′ . Let T = {T |
T ⊆ Iu × Ib+1, |T | = 3, |T ∩ ({i} × Ib+1)|  1 for i = 1,2, . . . ,u and |T ∩ (Iu × {b + 1})|  1} and let
d′′ = d′|T |, where |T | = b2(b + 3)(u3). Now, we apply Theorem 3.2 with the (3,1)-IGDD of group type
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partial design P (3,u,u(b + 1)ad′′ ) on the point set X = Iu × (Ib+1 ×∏ni=1 Iqd′′i ) covering the 3-sets
of XT , where XT is as deﬁned in the beginning of Section 3. This partial design is a (3,1)-IGDD of
group type (bad
′′ + ad′′ ,ad′′)u with groups {{i} × (Ib+1 ×∏ni=1 Iqd′′i ): i ∈ Iu}, with holes {{i} × ({(b +
1)} ×∏ni=1 Iqd′′i ): i ∈ Iu} and with block size u and index one. Let d2 = d2(k,u,b) = d′|T | + d1(k,u),
where d1(k,u) is as in Theorem 3.3. When d  d2, we can write d = d′|T | + d3, where d3  d1.
By Theorem 3.3 there exits a 3-GDD of group type (ad3 )u with block size k and index one. Weight
each point of the previously constructed (3,1)-IGDD of group type (bad
′′ + ad′′ ,ad′′)u by the uniform
weight ad3 . For each block of the (3,1)-IGDD there is a 3-GDD of group type (ad3 )u with block size k,
thus by Theorem 2.4 we can construct a (3,1)-IGDD of group type (bad + ad,ad)u with block size k
and index one. 
4. Composition theorems
From now on we will assume that λ = 1 and t = 3. Theorems 4.1 and 4.2 use additive composition
methods to construct IGDDs and GDDs in the t = 3 case. Wilson [1, Ch. X, Theorem 3.1] developed
an additive recursive construction for transversal 2-designs, which was used to prove the result of
Chowla, Erdo˝s and Straus on the existence of transversal 2-designs of large order. Mohácsy and Ray-
Chaudhuri [9] generalized Wilson’s construction for GDDs when t = 2. Blanchard [3,4] uses similar
methods to build transversal t-designs for t  2. Theorems 4.1, 4.2 generalize Blanchard’s construction
for transversal 3-designs to build new 3-IGDDs and 3-GDDs.
Theorem 4.1. If there is
1. a 3-GDD of group type nu with block size k,
2. a (3,1)-IGDD of group type (n + v, v)u with block size k,
3. a (3,1)-IGDD of group type (n + w,w)u with block size k, and
4. a TD(3,u + 1, s),
then there is a (3,1)-IGDD of group type (sn+ av + bw,av + bw)u with block size k for any integers a and b
with a,b  0 and a + b s.
Proof. Let (Iu × Is, {{i} × Is: i ∈ Iu},A) denote the 2-resolvable TD(3,u, s) obtained by deleting a
group from the given TD(3,u + 1, s). Let C1 ∪ C2 ∪, . . . ,∪ Ca ∪ Ca+1 ∪ Ca+2 ∪, . . . ,∪ Ca+b ∪, . . . ,∪ Cs
denote the partition of the blocks of the 2-resolvable TD(3,u, s) into s disjoint subsets such that
(Iu × Is, {{i} × Is: i ∈ Iu},C j), j = 1,2, . . . , s, is a TD(2,u, s). Note that |C j | = s2 for j = 1,2, . . . , s.
Now let us construct the block set of the (3,1)-GDD of group type (sn+ av + bw,av + bw)u with
block size k on the point set Iu × ((Is × In) ∪ ((Ia × In+1v ) ∪ (Ib × In+v+1w ))) with groups {{i} × ((Is ×
In) ∪ ((Ia × In+1v ) ∪ (Ib × In+v+1w ))): i ∈ Iu} and with holes {{i} × ((Ia × In+1v ) ∪ (Ib × In+v+1w )): i ∈ Iu}.
Note that (Is × In) ∩ (Ia × In+1v ) = ∅, (Is × In) ∩ (Ib × In+v+1w ) = ∅ and (Ia × In+1v ) ∩ (Ib × In+v+1w ) = ∅.
For each A1 of A contained in Ca+b+1 ∪, . . . ,∪ Cs we construct a 3-GDD of group type nu with
block size k on the point set A1 × In with groups {{a} × In: a ∈ A1} and block set KA1 . (See Fig. 1.
The 3-GDD constructed for A1 is indicated by the gray ovals.)
For each A2 of A contained in Cr for some r, 1 r  a, we construct a (3,1)-IGDD of group type
(n+ v, v)u with block size k on the point set (A2 × In)∪ (Iu ×{r}× In+1v ) with groups {({(i, j)}× In)∪
({i}× {r}× In+1v ): i ∈ Iu and (i, j) ∈ A2}, with holes {({i}× {r}× In+1v ): i ∈ Iu} and with block set LA2 .
(See Fig. 1. The (3,1)-IGDD constructed for A2 is indicated by the striped ovals.)
For each A3 of A contained in Cq for some q, a + 1  q  a + b, we construct a (3,1)-IGDD of
group type (n+ w,w)u with block size k on the point set (A3 × In)∪ (Iu ×{q}× In+v+1w ) with groups{({(i, j)}× In)∪ ({i}×{q}× In+v+1w ): i ∈ Iu and (i, j) ∈ A3}, with holes {({i}×{q}× In+v+1w ): i ∈ Iu} and
with block set MA3 . (See Fig. 1. The (3,1)-IGDD constructed for A3 is indicated by the black ovals.)
Let K = ⋃A∈Ca+b+1∪,...,∪Cs KA , L = ⋃A∈C1∪,...,∪Ca LA and M = ⋃A∈Ca+1∪,...,∪Ca+b MA . We deﬁne
the block set N = K ∪ L ∪ M. We claim that (Iu × ((Is × In) ∪ ((Ia × In+1v ) ∪ (Ib × In+v+1w ))),
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{{i} × ((Is × In)∪ ((Ia × In+1v )∪ (Ib × In+v+1w ))): i ∈ Iu}, {{i}× ((Ia × In+1v )∪ (Ib × In+v+1w )): i ∈ Iu},N )
is a (3,1)-IGDD of group type (sn + av + bw,av + bw)u with block size k.
Let (u1, (a1,b1)), (u2, (a2,b2)) and (u3, (a3,b3)) be three distinct points that belong to three dis-
tinct groups, where ui is in Iu and (ai,bi) is in (Is × In) ∪ ((Ia × In+1v ) ∪ (Ib × In+v+1w )) for i = 1,2,3.
Case 1. Assume that {(u1, (a1,b1)), (u2, (a2,b2)), (u3, (a3,b3))} ⊂ Iu × (Is × In). Then there is a
unique block A of the 2-resolvable TD(3,u, s) that contains the 3-set {(u1,a1), (u2,a2), (u3,a3)}. If A
belongs to Ca+b+1 ∪, . . . ,∪ Cs then the triple {(u1, (a1,b1)), (u2, (a2,b2)), (u3, (a3,b3))} is contained
in a unique block of the 3-GDD (A × In, {{i} × In: i ∈ A},KA) and no other block of N contains the
given three points. If A is in Cr for some r, 1 r  a, then {(u1, (a1,b1)), (u2, (a2,b2)), (u3, (a3,b3))}
is contained in a unique block of the (3,1)-IGDD of group type (n + v, v)u ((A × In) ∪ (Iu × {r} ×
In+1v ), {({(i, j)} × In) ∪ ({i} × {r} × In+1v ): i ∈ Iu and (i, j) ∈ A}, {({i} × {r} × In+1v ): i ∈ Iu},LA ) and no
other blocks can contain the given three points. Similarly, if A belongs to Cq for some g , a + 1 q 
a+b, then {(u1, (a1,b1)), (u2, (a2,b2)), (u3, (a3,b3))} is contained in a unique block of the (3,1)-IGDD
of group type (n + w,w)u ((A × In) ∪ (Iu × {q} × In+v+1w ), {({(i, j)} × In) ∪ ({i} × {q} × In+v+1w ): i ∈ Iu
and (i, j) ∈ A}, {({i} × {q} × In+v+1w ): i ∈ Iu},MA).
Case 2. Assume that {(u1, (a1,b1)), (u2, (a2,b2))} ⊆ Iu × (Is × In) and (u3, (a3,b3)) is in Iu × (Ia ×
In+1v ). Then there is a unique block A of the resolution class Ca3 of the 2-resolvable TD(3,u, s), that
covers the points (u1,a1) and (u2,a2). Thus, {(u1, (a1,b1)), (u2, (a2,b2)), (u3, (a3,b3))} is contained
in some block of the (3,1)-IGDD of group type (n + v, v)u ((A × In) ∪ (Iu × {a3} × In+1v ), {({(i, j)} ×
In) ∪ ({i} × {a3} × In+1v ): i ∈ Iu and (i, j) ∈ A}, {({i} × {a3} × In+1v ): i ∈ Iu},LA ). This is the only block
that contains the given three points, since there is only one block of the 2-resolvable TD(3,u, s) that
covers the points (u1,a1), (u2,a2) and belongs to the resolution class Ca3 .
Case 3. Assume that {(u1, (a1,b1)), (u2, (a2,b2))} ⊆ Iu × (Is × In) and (u3, (a3,b3)) is in Iu × (Ib ×
In+v+1w ). In this case we can use the exact same argument as we did in Case 2. 
Theorem 4.2. If there is
1. a 3-GDD of group type nu with block size k,
2. a (3,1)-IGDD of group type (n + w,w)u with block size k,
3. a (3,2)-IGDD of group type (n + w,w)u with block size k,
4. a TD(3,u + 2, p),
5. a TD(3,u + 2, s1) and a TD(3,u + 2, s2) with si  p for i = 1,2, and
6. a 3-GDD of group type wu with block size k,
then there exists a 3-GDD of group type (s1s2n + pw)u with block size k containing a sub-3-GDD of group
type (pw)u .
Proof. Deleting two groups of a TD(3,u + 2, s1) yields a 2-resolvable TD(3,u, s1), where each resolu-
tion class is a TD(2,u, s1). Furthermore these resolution classes are 1-resolvable TD(2,u, s1) designs.
That is, the blocks of each resolution class TD(2,u, s1) can be partitioned into s1 parallel classes each
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class containing s1 blocks. Let (Iu × Is1 , {{i} × Is1 : i ∈ Iu},A) denote this 2-resolvable TD(3,u, s1).
Let C1 ∪ C2 ∪, . . . ,∪ Cp ∪, . . . ,∪ Cs1 denote the partition of the blocks of the 2-resolvable TD(3,u, s1)
into s1 disjoint subsets, such that (Iu × Is1 , {{i} × Is1 : i ∈ Iu},C j) for j = 1,2, . . . , s1 is a TD(2,u, s1).
Each C j for j = 1,2, . . . , s1 contains a parallel class C j1 such that (Iu × Is1 , {{i} × Is1 : i ∈ Iu},C j1) is a
TD(1,u, s1).
Deleting two groups of a TD(3,u + 2, p), one can obtain a 1-resolvable TD(2,u, p) design (Iu × I p,
{{i} × I p: i ∈ Iu},K), whose blocks can be partitioned into p parallel classes, each class having p
blocks. Let Kl = {Kl1, Kl2, . . . , Klp} denote these parallel classes for l = 1,2, . . . , p where K =⋃pl=1Kl .
In the ﬁrst part of the proof we will construct p different designs Dl , l = 1,2, . . . , p, on the point
set Iu × ((Is1 × In) ∪ (I p × In+1w )) with groups {{i} × ((Is1 × In) ∪ (I p × In+1w )): i ∈ Iu}, with holes{{i} × (I p × In+1w ): i ∈ Iu} and with block set Bl , l = 1,2, . . . , p, each of these p designs satisfying the
properties described below:
Any triple (u1, (a1,b1)), (u2, (a2,b2)) and (u3, (a3,b3)) is from distinct groups such that
1. {(u1, (a1,b1)), (u2, (a2,b2)), (u3, (a3,b3))} ⊆ Iu × (Is1 × In),
2. {(u1, (a1,b1)), (u2, (a2,b2))} ⊆ Iu × (Is1 × In) and (u3, (a3,b3)) is in Iu × (I p × In+1w ),
3. (u1, (a1,b1)) is in Iu × (Is1 × In) and {(u2, (a2,b2)), (u3, (a3,b3))} ⊆ Kli × In+1w , 1 i  p, where
Kli is the ith member of the parallel class Kl = {Kl1, Kl2, . . . , Klp} of the 1-resolvable TD(2,u, p),
covered by exactly one block of Bl and these are the only types of triples that are covered by a block
of Bl , l = 1,2, . . . , p.
For each A1 of A contained in Cp+1 ∪, . . . ,∪ Cs we construct a 3-GDD of group type nu with
block size k on the point set A1 × In with groups {{a} × In: a ∈ A1} and block set GlA1 . (See Fig. 2.
The 3-GDD constructed for A1 is indicated by the black ovals.)
For each A2 of A contained in Cr \ Cr1 for some r, 1  r  p, we construct a (3,1)-IGDD of
group type (n + w,w)u with block size k on the point set (A2 × In) ∪ (Klr × In+1w ) with groups
{({(i, j1)}× In)∪ ({(i, j2)}× In+1w ): i ∈ Iu, (i, j1) ∈ A2 and (i, j2) ∈ Klr}, with holes {{(i, j2)}× In+1w : i ∈
Iu and (i, j2) ∈ Klr} and with block set HlA2 . (See Fig. 2. The (3,1)-IGDD constructed for A2 is indi-
cated by the striped ovals.)
For each A3 of A contained in Cr1 for some r, 1 r  p, we construct a (3,2)-IGDD of group type
(n + w,w)u with block size k on the point set (A3 × In) ∪ (Klr × In+1w ) with groups {({(i, j1)} × In) ∪
({(i, j2)} × In+1w ): i ∈ Iu, (i, j1) ∈ A3 and (i, j2) ∈ Klr}, with holes {{(i, j2)} × In+1w : i ∈ Iu and (i, j2) ∈
Klr} and with block set IlA3 . (See Fig. 2. The (3,2)-IGDD constructed for A3 is indicated by the gray
ovals.)
Let Gl = ⋃A∈Cp+1∪,...,∪Cs GlA , Hl = ⋃A∈(C1\C11)∪,...,∪(Cp\Cp1) HlA and Il = ⋃A∈C11∪,...,∪Cp1 IlA . We
deﬁne the block set Bl = Gl ∪Hl ∪ Il .
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A similar argument to what we use in Theorem 4.1 shows that the designs Dl , l = 1,2, . . . , p,
constructed on the point set Iu × ((Is1 × In)∪ (I p × In+1w )) with groups {{i}× ((Is1 × In)∪ (I p × In+1w )):
i ∈ Iu}, with holes {{i}× (I p × In+1w ): i ∈ Iu} and with block set Bl , l = 1,2, . . . , p, satisfy the previously
mentioned properties.
In the second part of the proof we will construct a (3,2)-IGDD of group type (s1s2n + pw, pw)u
with block size k on the point set Iu × ((Is2 × Is1n) ∪ (I p × I s1n+1w )) with groups {{i} × ((Is2 × Is1n) ∪
(I p × I s1n+1w )): i ∈ Iu}, with holes {{i} × (I p × I s1n+1w ): i ∈ Iu} and with block set C .
Deleting two groups of a TD(3,u + 2, s2) yields a 2-resolvable TD(3,u, s2) where each resolution
class is a TD(2,u, s2). Furthermore each of these resolution classes are 1-resolvable TD(2,u, s2) de-
signs, whose blocks can be partitioned into s2 parallel classes each class containing s2 blocks. Let
(Iu × Is2 , {{i} × Is2 : i ∈ Iu},A′) denote this 2-resolvable TD(3,u, s2). Let C′1 be one of the resolu-
tion classes of A′ , such that (Iu × Is2 , {{i} × Is2 : i ∈ Iu},C′1) is a TD(2,u, s2). Let C′1 = C′11 ∪ C′12 ∪,
. . . ,∪ C′1p ∪, . . . ,∪ C′1s2 denote the partition of the blocks into s2 parallel classes of the 1-resolvable
TD(2,u, s2) such that each (Iu × Is2 , {{i} × Is2 : i ∈ Iu},C′1 j), j = 1,2, . . . , s2, is a TD(1,u, s2).
For each A1 of A′ contained in A′ \ C′1 we construct a 3-GDD of group type (s1n)u with block
size k on the point set A1 × Is1n with groups {{a} × Is1n: a ∈ A1} and block set G′ A1 . The ingredi-
ent 3-GDD of group type (s1n)u with block size k exists by Theorem 2.3. (See Fig. 3. The 3-GDD
constructed for A1 is indicated by the black ovals.)
For each A2 of A′ contained in C′1(p+1) ∪, . . . ,∪ C′1s2 we construct a (3,1)-IGDD of group type
(s1n + pw, pw)u with block size k on the point set (A2 × Is1n) ∪ (Iu × I p × I s1n+1w ) with groups
{({(i, j)} × Is1n)∪ ({i} × I p × I s1n+1w ): i ∈ Iu and (i, j) ∈ A2}, with holes {({i} × I p × I s1n+1w ): i ∈ Iu} and
with block set H′A2 . Theorem 4.1 guarantees the existence of the ingredient (3,1)-IGDD of group type
(s1n+ pw, pw)u with block size k. (See Fig. 3. The (3,1)-IGDD constructed for A2 is indicated by the
striped ovals.)
For each A3 of A′ contained in C′1l for some l, 1  l  p, we construct the previously built de-
signs Dl of group type (s1n+ pw, pw)u and block size k on the point set (A3× Is1n)∪(Iu × I p × I s1n+1w )
with groups {({(i, j)}× Is1n)∪ ({i}× I p × I s1n+1w ): i ∈ Iu and (i, j) ∈ A3}, with holes {({i}× I p × I s1n+1w ):
i ∈ Iu} and with block set I ′ A3 . (See Fig. 3. The Dl designs constructed for A3 are indicated by the
gray ovals.)
Let G′ = ⋃A∈(A′\C′1) G′ A , H′ = ⋃A∈C′1(p+1)∪,...,∪C′1s2 H′ A and I ′ =
⋃
A∈C′11∪,...,∪C′1p I
′
A . We deﬁne
the block set C = G′ ∪H′ ∪ I ′ .
We claim that (Iu × ((Is2 × Is1n) ∪ (I p × I s1n+1w )), {{i} × ((Is2 × Is1n) ∪ (I p × I s1n+1w )): i ∈ Iu}, {{i} ×
(I p × I s1n+1w ): i ∈ Iu},C) is a (3,2)-IGDD of group type (s1s2n + pw, pw)u with block size k, because
only the following types of three sets are covered by exactly one block of C:
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1. {(u1, (a1,b1)), (u2, (a2,b2)), (u3, (a3,b3))} ⊆ Iu × (Is2 × Is1n),
2. {(u1, (a1,b1)), (u2, (a2,b2))} ⊆ Iu × (Is2 × Is1n) and (u3, (a3,b3)) is in Iu × (I p × I s1n+1w ),
3. (u1, (a1,b1)) is in Iu × (Is2 × Is1n) and {(u2, (a2,b2)), (u3, (a3,b3))} ⊆ Iu × (I p × I s1n+1w ).
We only outline the proof for Case 3. If (u1, (a1,b1)) is in Iu × (Is2 × Is1n) and (u2, (a2,b2)),
(u3, (a3,b3)) are in Iu × (I p × I s1n+1w ), then there is a unique block K of the 1-resolvable TD(2,u, p)
that covers the couple (u2,a2) and (u3,a3). If K is a member of the lth parallel class Kl , 1 l  p,
then there is a unique block A of the parallel class C′1l of the 2-resolvable TD(3,u, s2) that covers
the point (u1,a1). Thus, the triple (u1, (a1,b1)), (u2, (a2,b2)) and (u3, (a3,b3)) is contained in some
block of the design Dl constructed on the set (A × Is1n) ∪ (Iu × I p × I s1n+1w ). This is the only block
that contains the given three points, since there is only one block of the 2-resolvable TD(3,u, s2) that
covers the point (u1,a1) and belongs to the parallel class C′1l .
In the third part of the theorem we construct a 3-GDD of group type (s1s2n + pw)u with block
size k. By Theorem 2.3 the existence of a TD(3,u, p) and a 3-GDD of group type wu with block size k
implies the existence of a 3-GDD of group type (pw)u with block size k. Now applying Theorem 2.5
with a (3,2)-IGDD of group type (s1s2n + pw, pw)u and a 3-GDD of group type (pw)u one can
construct a 3-GDD of group type (s1s2n+ pw)u with block size k. From the construction it is obvious
that this 3-GDD of group type (s1s2n + pw)u contains a sub-3-GDD of group type (pw)u . 
5. A construction for incomplete group divisible designs
Theorem 5.1 gives a construction for IGDDs and GDDs which we need in the proof of our main
theorem. The greatest common divisor d of two integers a and b is denoted by (a,b) = d and the least
common multiple m of two integers a and b is denoted by [a,b] =m.
Theorem 5.1. Let k and u be positive integers, 3  k  u. Then there exist positive integers n = n(k,u) and
w = w(k,u) such that (n,w) = 1 and there exist a 3-GDD of group type nu, a 3-GDD of group type wu, a
(3,1)-IGDD and a (3,2)-IGDD of group type (n + w,w)u all having block size k if and only if
1. u − 2 ≡ 0 (mod (k − 2)),
2. (u − 1)(u − 2) ≡ 0 (mod (k − 1)(k − 2)),
3. u(u − 1)(u − 2) ≡ 0 (mod k(k − 1)(k − 2)).
Proof. First we prove the necessity of the conditions. If a 3-GDD of group type nu with block size k
and a 3-GDD of group type wu with block size k exist then
1. n(u − 2) ≡ w(u − 2) ≡ 0 (mod (k − 2)),
2. n2(u − 1)(u − 2) ≡ w2(u − 1)(u − 2) ≡ 0 (mod (k − 1)(k − 2)),
3. n3u(u − 1)(u − 2) ≡ w3u(u − 1)(u − 2) ≡ 0 (mod k(k − 1)(k − 2)).
It follows that
1. (u − 2) ≡ 0 (mod [ k−2
(k−2,n) ,
k−2
(k−2,w) ]),
2. (u − 1)(u − 2) ≡ 0 (mod [ (k−1)(k−2)
((k−1)(k−2),n2) ,
(k−1)(k−2)
((k−1)(k−2),w2) ]),
3. u(u − 1)(u − 2) ≡ 0 (mod [ k(k−1)(k−2)
(k(k−1)(k−2),n3) ,
k(k−1(k−2))
(k(k−1)(k−2),w3) ]).
Since (n,w) = 1, [ k−2
(k−2,n) ,
k−2
(k−2,w) ] = k − 2, [ (k−1)(k−2)((k−1)(k−2),n2) , (k−1)(k−2)((k−1)(k−2),w2) ] = (k − 1)(k − 2) and
[ k(k−1)(k−2)
(k(k−1)(k−2),n3) ,
k(k−1)(k−2)
(k(k−1)(k−2),w3) ] = k(k − 1)(k − 2). Thus, the conditions of the theorem follow.
Now we prove the suﬃciency of the conditions. In the ﬁrst part of the proof we apply Theorem 4.2
to construct a 3-GDD of group type (s1s2n+ pw)u with block size k containing a sub-3-GDD of group
type (pw)u , where the values of s1, s2, n, p and w will be speciﬁed below.
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Let Q 1 = 32u and Q 2 = 72u . By Theorem 1.2 a TD(3,u + 1, Q i) exists for i = 1,2. Now we apply
Theorem 3.4 to construct a (3,1)-IGDD of group type (Q 1Q α2 + Q α2 , Q α2 )u and a (3,1)-IGDD of group
type (Q 2Q α1 + Q α1 , Q α1 )u with block size k for all α  d3(k,u) = max(d2(k,u, Q 1),d2(k,u, Q 2)). Let
us choose α to be a ﬁxed integer such that α max(d3(k,u),d1(u + 2,u + 2),d1(k,u)), where d1 =
d1(k,u) is from Theorem 3.3.
Let us choose β to be a ﬁxed integer such that 5β−1  (Q 1Q 2)α < 5β . Then (Q 1Q 2)α < 5β 
5(Q 1Q 2)α . Since (Q 1Q 2)α  5β and Q 1Q 2  5, β > α > d1(u+2,u+2). Thus, there exists a TD(3,u+
2,5β). Let p = 5β .
Now choose a prime number s1 such that s1 max(2u,5β). This way a TD(3,u + 2, s1) exists and
s1  5β = p, (s1,5) = 1 and (s1, Q i) = 1 for i = 1,2.
Let d0(k,u) = max(d1(k,u),d1(u + 1,u + 1)). Choose a prime number R such that R  5Q α2 + 1,
R ≡ −1 mod 5, R ≡ −1 mod 3, R ≡ −1 mod 7 and R ≡ 1 mod 2d0 . According to the Chinese Remain-
der Theorem and the Dirichlet’s Theorem such a prime R exists. It follows from Theorem 1.2 that a
TD(3,u, R) exists.
It is easy to check that the conditions of Theorem 3.3 for t = 3 are satisﬁed. Thus, from Theo-
rem 3.3 there exists an integer d1 = d1(k,u) such that if d  d1 then there exists a 3-GDD of group
type (Rd)
u
with block size k.
We can construct a 3-GDD of group type (Rd+1)u with block size k containing a sub-3-GDD of
group type (Rd)
u
for all d d1 by applying the fundamental construction theorem, Theorem 2.3, with
the TD(3,u, R) as the recipe and the 3-GDDs of group type (Rd)
u
with block size k as ingredients.
Let n = Rd(R − 1) and w = Rd . It follows from Theorem 3.3 that there exists a 3-GDD of group
type (Rd(R − 1))u with block size k for all integers d  d1. Theorem 2.5 guarantees the existence
of a (3,2)-IGDD of group type (Rd(R − 1) + Rd, Rd)u with block size k for all integers d  d1.
Since R − 1 ≡ 0 mod 2d0 , a TD(3,u + 1, R − 1) exists by Theorem 3.3. Therefore the existence
of a (3,1)-IGDD of group type (Rd(R − 1) + Rd, Rd)u with block size k follows from Theorem 3.4
for all d  d2(k,u, R − 1). Let us choose the value of d such that d is an odd number satisfying
dmax(d1(k,u),d2(k,u, R − 1)). (Note that the choice of R depends on the value of k and u.)
We can write (Rd −1) = q(R−1) where q is a positive integer and (q,3) = 1 and (q,7) = 1. Finally
we choose a prime number s2 such that s2 max(2u,5β) and s2s1Rd + 5βq ≡ 0 mod Q αi for i = 1,2.
According to the Chinese Remainder Theorem and the Dirichlet’s Theorem such a prime s2 exists,
since (s1Rd, Q i) = 1, (Q 1, Q 2) = 1 and (q,21) = 1. With this choice of s2 a TD(3,u + 2, s2) exists and
s2  5β = p, (s2,5) = 1 and (s2, Q i) = 1 for i = 1,2. (Note that Q 1 = 32u and Q 2 = 72u .)
Now, applying Theorem 4.2 with s1, s2, n = Rd(R−1), p = 5β and w = Rd we construct a 3-GDD of
group type (s1s2Rd(R − 1) + 5β Rd)u with block size k containing a sub-3-GDD of group type (5β Rd)u .
We construct the sub-3-GDD of group type (5β Rd)
u
to contain a sub-3-GDD of group type (5β)
u
.
This can be achieved by applying the fundamental construction theorem, Theorem 2.3. We take the
TD(3,u, Rd) as the recipe and 3-GDDs of group type (5β)
u
with block size k as ingredients. The
existence of a 3-GDD of group type (5β)
u
with block size k follows from Theorem 3.3.
We have constructed a 3-GDD of group type (s1s2R
d(R − 1) + 5β q(R − 1)︸ ︷︷ ︸
Rd−1︸ ︷︷ ︸
n
+ 5β︸︷︷︸
w
)
u
with block
size k containing a sub-3-GDD of group type (5β)
u
. Let n = s1s2Rd(R − 1) + 5βq(R − 1) and w = 5β .
With this choice of n and w we have
1. (n,w) = 1, since (si,5) = 1 for i = 1,2 and R ≡ −1 mod 5.
2. Since R − 1 ≡ 0 mod 2d0 , a 3-GDD of group type nu with block size k exists by Theorem 3.3.
The existence of a 3-GDD of group type wu with block size k follows from Theorem 3.3 as well.
3. The existence of a (3,2)-IGDD of group type (n + w,w)u with block size k follows from Theo-
rem 2.5.
4. We still need to justify the existence of a (3,1)-IGDD of group type (n + w,w)u with block
size k. As we previously mentioned, there exists a (3,1)-IGDD of group type (Q 1Q α2 + Q α2 , Q α2 )u
and a (3,1)-IGDD of group type (Q 2Q α1 + Q α1 , Q α1 )u with block size k. Applying Theorem 4.1 with
s = Q α−1i for i = 1,2, a = 1 and b = 0 we can construct a (3,1)-IGDD of group type (Q α1 Q α2 +
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2 )
u and a (3,1)-IGDD of group type (Q α2 Q
α
1 + Q α1 , Q α1 )u with block size k. Since s1s2Rd +
5βq ≡ 0 (mod Q α1 Q α2 ), we can write s1s2Rd + 5βq = A · Q α1 Q α2 for some positive integer A. Now, we
apply Theorem 4.1 with s = A(R − 1), n = Q α1 Q α2 , v = Q α1 and w = Q α2 to construct a (3,1)-IGDD
of group type (A(R − 1) · Q α1 Q α2︸ ︷︷ ︸
s1s2Rd(R−1)+5βq(R−1)
+aQ α1 + bQ α2 ,aQ α1 + bQ α2 )u with block size k for any non-negative
integer a and b with a + b  A(R − 1). We claim that we can ﬁnd a and b, a,b  0, such that
aQ α1 + bQ α2 = 5β and a + b  A(R − 1). Since (Q 1Q 2)α  5β and (Q 1, Q 2) = 1, there exist non-
negative solutions a and b for aQ α1 + bQ α2 = 5β . Furthermore (a + b) ·min(Q α1 , Q α2 ) aQ α1 + bQ α2 =
5β  5 · (Q 1Q 2)α implies that a + b  5 · max(Q α1 , Q α2 ) = 5Q α2  R − 1  A(R − 1) and the proof is
complete. 
6. A representation theorem of large integers
Theorem 6.1. Let n′ and w ′ be positive integers such that (n′,w ′) = 1. Then there exists an integer m1 =
m1(n′,w ′) such that any integer mm1 can be represented as m = s′1s′2n′ + p′w ′ where s′i and p′ are non-
negative integers and p′  s′i , for i = 1,2.
To prove Theorem 6.1 we need Theorem 6.2 given by Blanchard [5] and Lemma 6.3.
Theorem 6.2. (See [5].) For any positive integers j and w ′ , and any l, 0  l < w ′ , we show that there is a
number β = β( j,w ′) > 0 and s0( j,w ′) such that any integer s  s0 can be represented as s = f1 f2 . . . f j +
r · w ′ + l where f1, . . . , f j and r are non-negative integers and r · w ′ + l sβ and fi  sβ , for 1 i  j.
Lemma 6.3. Let n′ and w ′ be positive integers such that (n′,w ′) = 1. Then there exists an integer m2 =
m2(n′,w ′) such that any integer mm2 can be represented as m = sn′ + p′′w ′ where s and p′′ are integers
such that 0 s and 0 p′′ < n′ .
Proof. Let m be a positive integer such that m n′ ·w ′ =m2(n′,w ′). Since (n′,w ′) = 1, the congruence
m ≡ xw ′ (mod n′) has a solution p′′ where 0  p′′ < n′ and m > p′′w ′ . Thus there is a positive
integer s such that m = sn′ + p′′w ′ . 
Proof of Theorem 6.1. Let m1(n′,w ′) = s0( j,w ′) ·n′ +n′ · w ′ , where s0( j,w ′) is from Theorem 6.2 and
j = j(n′,w ′) is a ﬁxed even positive integer such that 2n′ < w ′( j/2) . If m m1 then, by Lemma 6.3,
there exist positive integers s and p′′ with 0 p′′ < n′ such that m can be written as m = sn′ + p′′w ′ .
From sn′ + p′′w ′︸ ︷︷ ︸
m
 s0n′ + n′w ′︸ ︷︷ ︸
m1
it follows that s  s0, since p′′w ′  n′w ′ . Applying Theorem 6.2 with
l = 0 we can write s = f1 f2 . . . f j +rw ′ , where f i  rw ′ for i = 1,2, . . . , j. Thus m has the form of m =
( f1 f2 . . . f j + rw ′)n′ + p′′w ′ = f1 f2 . . . f j/2︸ ︷︷ ︸
s′1
· f( j/2)+1 . . . f j︸ ︷︷ ︸
s′2
·n′ + (rn′ + p′′)︸ ︷︷ ︸
p′
w ′ , where s′1 = f1 f2 . . . f j/2,
s′2 = f( j/2)+1 . . . f j and p′ = rn′ + p′′ . Furthermore, 0  p′ = rn′ + p′′  n′(r + 1)  2rn′  rw ′( j/2) 
(rw ′)( j/2)  s′i for i = 1,2. 
7. Proof of the main theorem
Proof of Theorem 1.4. To prove the necessity of the conditions, ﬁrst note that if a 3-GDD of group
type mu with block size k and index one exists then
1. m(u − 2) ≡ 0 (mod (k − 2)),
2. m2(u − 1)(u − 2) ≡ 0 (mod (k − 1)(k − 2)),
3. m3u(u − 1)(u − 2) ≡ 0 (mod k(k − 1)(k − 2)).
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prime to k(k − 1)(k − 2) we get the conditions of Theorem 1.4.
Now we prove that the conditions are suﬃcient for the existence of such 3-GDDs. From Theo-
rem 5.1, there exist positive integers n = n(k,u) and w = w(k,u) such that (n,w) = 1 and there
exists a 3-GDD of group type nu , a 3-GDD of group type wu , a (3,1)-IGDD and a (3,2)-IGDD of
group type (n + w,w)u all having block size k.
Let n′ = n′(k,u) = 3d5dn, w ′ = w ′(k,u) = 2dw , where d = d1(u + 2,u + 2) is a ﬁxed integer such
that a TD(3,u + 2,bad) exists for any positive integers b and a  2. Note that such a d exists by
Theorem 3.3. Let us set m0 = m0(k,u) = m1(n′(k,u),w ′(k,u)), where m1 is from Theorem 6.1. By
Theorem 6.1, if m m0 then there exist non-negative integers s′1, s′2 and p′ such that m = s′1s′2n′ +
p′w ′ and p′  s′i for i = 1,2. Set s1 = s′13d , s2 = s′25d and p = p′2d , then we have m = s′1s′2n′ + p′w ′ =
(s′13d)︸ ︷︷ ︸
s1
(s′25d)︸ ︷︷ ︸
s2
n + (p′2d)︸ ︷︷ ︸
p
w . Hence Theorem 4.2 guarantees the existence of a 3-GDD of group type
(s1s2n + pw)u =mu with block size k and the proof is complete. 
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